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Abstract 



.^ . In this paper, we compute the cychc homology of the Taft algebras and of their Auslander 

^~y| algebras. Given a Hopf algebra A, the Grothendieck groups of projective A— modules and of 

• ' all A— modules are endowed with a ring structure, which in the case of the Taft algebras is 

-4— > ■ commutative ( IJC^ , ||G|). We also describe the first Chern character for these algebras. 
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O 1 Introduction 

^ " The object of this paper is to compute the cyclic homology and the Chern characters of the Taft 
C [ algebras A„ and of their Auslander algebras Ia„, in order to study a possible influence of the Hopf 
KjJ • algebra structure of A„ on them. 

Note that Auslander algebras are useful when considering artin algebras of finite representation 
type, since there is a bijection between the Morita equivalence classes of such algebras and the Morita 
equivalence classes of Auslander algebras (cf ||AR!5|| ). 

The Hopf algebra structure on an algebra A conveys an additional structure on the Grothendieck 
groups Kq{A) and Kq{A) of isomorphism classes of projective (respectively all) indecomposable 
modules, since the tensor product over the base ring k of two A— modules is again a A— module, via the 
comultiplication of A. Furthermore, there is a one-to-one correspondance between the indecomposable 
modules over any algebra and the indecomposable projective modules over its Auslander algebra; in 
the case of a Hopf algebra, therefore, the Grothendieck group of projective modules of Ia is endowed 
with a multiplicative structure. However, this correspondance does not preserve the underlying vector 
spaces, and this multiplicative structure doesn't seem natural. 

In this paper, we study the example of the Taft algebras; they are Hopf algebras which are neither 
commutative, nor cocommutative. They are interesting for various reasons; for instance, Ap is an 
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example of a non-semisimple Hopf algebra whose dimension is the square of a prime (cf ||M 1|| ) . They 
are of finite representation type; furthermore, when n is odd, A„ is isomorphic to the half-quantum 
group M^(sl2)(5' primitive ra*''— root of unity), and is the only half-quantum group W^^q) at a root of 
unity which is not of wild representation type (cf [pi|| ). Then, for each n, A„ is not braided, but its 
Grothendieck group is a commutative ring nonetheless (cf | |U2| | , [0). 

These examples show that the non-commutative, non-cocommutative Hopf algebra structure of 
An does not yield a natural multiplicative structure on its cyclic homology. There is a product, 
however, obtained by transporting that of i^o(A) via the Chern characters, which are onto. 

The paper is organized as follows: first, we recall the Hochschild homology of truncated quiver 
algebras, among which are the Taft algebras, established by Skldberg in 0. Then, we compute the 
cyclic homology of these algebras, using the fact that they are graded. In the next section, we study 
the Auslander algebras of the Taft algebras: their quivers (which are the Auslander-Reiten quivers 
of the Kn)i their Hochschild homology, and their cyclic homology. Finally, we compute the Chern 
characters of the A„ and of the Ia„ . 

2 The Taft algebras 

2.1 Hochschild homology of truncated quiver algebras 

In this paragraph, k is any commutative ring, except when a root of unity is needed. 

Let A„ be the following quiver (the n— crown): it has n vertices Cq, . . . ,e„_i, and n edges 
ao, . . . ,an-i5 each edge Oj going from the vertex Cj to the vertex Cj+i for < z < n — 2, and 
the edge e„_i going from e„_i to cq, as follows: 

1 



n-2 ■■■■ 



.2 

\3 



i+r f i-l 

Let m be the ideal in the path algebra of A„ generated by the paths of length 1. 

Definition 2.1 The Taft algebra A„ is the quotient of the path algebra kAn by the ideal m". When 
k contains a primitive n*^ root of unity (, it can also be described with generators and relations as 
follows: An is the algebra generated by two elements g and x, subject to the relations g"" = 1, x" = 0, 
and xg = (gx. 

Still in the case where k contains a primitive n^^ root of unity (, the algebra A^ = kA/xn"' is a 



Hopf algebra (see |(J1 ), with the following 


structure maps: 


£{ei) = 6ifl, 


e{a,i) = 0, 


A(e,) = }] Cj Ocfc, 


A(aO = 1^ {Cj ® 


j+k=i 


j+k=i 


S{ei) = e_i. 


S{a,) = -q'+'a^i_. 



ttk + q ttj ®ek), 



where 6 is the Kronecker symboL 

In 0, for any quiver F, Skldberg computes the Hochschild homology of the algebra A := fcr/m" 
with coefficients in itself, when n > 2; to state this result, we shall need some notation: let C denote 
the set of cycles in the quiver F, and for any cycle 7 in C, let 1^(7) denote its length. There is a 
natural action of the cyclic group (t-y) of order ^(7) on 7; let 7 denote the orbit of 7 under this 
action, and let C denote the set of orbits of cycles. 

Theorem 2.2 ([g]) Set q = en + e, for < e < n - I (n > 2). Then: 

k"'" ifl<e<n — 1 and 2c <p <2c+l, 

©^lg(A;("^'')-i © Keri.^ : k -^ k)f- if e = 0, and < 2c = p, 



HH,,,{A) 



©,|g(A;("^")^i © Coker{.^^ : k -^ k)f^ if e = 0, and < 2c - 1 = p, 
k*^° if p = q = 0, and 

otherwise. 



where aq is the number of cycles of length q in C, br is the number of cycles of length r in C which 
are not powers of smaller cycles, and n Ar is the greatest common divisor of n and r. 

Example: The Hochschild homology of the Taft algebra A„ is given by: 

HHp^^niK) = fc""^ if p = 2c or p = 2c - 1, 
HHo,o{An) = k^ 
HHp^g{An) = in all other cases. 

We shall now look at the cases n = and n = 1. The case ra = 1 is quite simple: fcF/m is equal 
to fcFo = Xg^j-gks, so that 

HHpikT/m) = HHpiks) = (®-^° ^' '^^ = °' 
sero [0 ifp>0. 

Finally, for the case n = 0, we can state: 

Proposition 2.3 The Hochschild homology of kT is given by: 

'HHo{kT) = kC, 

HH,{kT) = {Eflf-'tl^il)/ 7 e C,L(7) > 1} 
HHp{kT) = z/p > 2. 

Proof: We shall use the following resolution (see for instance [|C2|| ): 

Lemma 2.4 ([ |C2|| theorem 2.5) There is a kV—bimodule projective resolution of kV given by 
... — >kV ®kTo kVi ®kVo kV — > kV ®kVo kV — > kV — > 0. 



Tensoring by kT over kV^ yields the following complex: 

... — yO — y kr ®fcrg kTi ^ kC — > 0. 
V ® a 1-^ va — av 

The space HHo{kT) is generated by the cycles in C, subjected to the relations given by the 
image of 6. Since (5(z/ a) = z/a — t;^a(i/a), the relations identify two cycles in the same orbit, and 
HHo{kT) = kC. 

The complex is C— graded; therefore, to find HHi{kT) = kei 6, it is sufficient to consider elements 
of type X = J2i=o \'t\{l)-i in which z/ (g) a is identified with va, and the Aj belong to k. We have 
5{x) = iff Ao = Ai = . . . = Al(^)_i, and the result follows. D 

2.2 Cyclic homology of graded algebras 

In this paragraph, A; is a commutative ring which contains Q. When A is a graded fc— algebra, Connes' 
SBI exact sequence splits in the following way: 

Theorem 2.5 ([0 Theorem 4.1.13) Let A he a unital graded algebra over k containing Q. Define 
TTHpiA) = HHp{A)/HHp{Ao) andHCp{A) = HCp{A)/HCp{Ao). Connes' exact sequence for HC 
reduces to the short exact sequences: 



-^ HCn-l —>■ HHn -^ HCn ^ 0. 

This will enable us to compute the cyclic homology of truncated quiver algebras. Let us first 



consider the cases n = and n = 1. Combining the results for Hochschild homology and theorem ^ 
yields the following: 

Proposition 2.6 The cyclic homologies of kT and of kT/xn are given by: 

,ks 



HCUkT/xn) 


= ©.er 


C2c+i{kT/m) 


= 




and 


HCoikT) 


= kC 


HC2c{kT) 


= k*^° 


HC2c+i{kV) 


= 0, 



for all c e N. 

The case n > 2 involves the same methods: 
Proposition 2.7 Suppose n >2. Then: 



n — 1 



dimkHC2cikT/m'') = #ro + ^ a^n+e - E (r A n - 1)6, 

e=l r|(c+ l)n 



n ff rl^ 



dimfci7C2e+i(A;r/m") = ^^(r - 1)6,. 

r\n 



Proof: In the first place, Ao is equal to kT^, so that we know the homologies of Aq (see 

proposition |2T^) . Next, we have HCo{A) = HHq{A) = k*^^^^e^i°"^ . Then, using theorem |2^, we 
get the following formula: 

dimkHC2c{A) + dimkHC2c+i{A) = #ro + ^ (r An-l)br + Y^ a^n+e- 

r|(c+l)n e=l 

In particular, dimkHCi{A) = I]j.|„(r — 1)6^- 
An induction on c yields the result. D 

Corollary 2.8 When T = A„ is the n— crown, then the results are: 

HC2c+i{K) = k^-^ forcen. 
Remark 2.9 The cyclic cohomology of these truncated quiver algebras has been computed in j BLM ] 



and /fZ^. 

3 The Auslander algebra of A^ 

In this section, k is an algebraically closed field. 

3.1 The quiver of the Auslander algebra 

Definition 3.1 Let A be a finite- dimensional basic algebra over an algebraically closed field k, with 
only a finite number of isomorphism classes of indecomposable modules. The Auslander algebra of A 
is: 

Ta := EndAi®MeindMMyP, 

where indM is the set of isomorphism classes of indecomposable A— modules. 

The algebra Ia has a quiver, which is the opposite of the Auslander-Reiten quiver of A. The 
relations on this quiver are given by the mesh relations (see ||AKS| | p232). 



When the algebra A is A„, with n > 1, the quiver is the following: 



(0,n-l) 
(n-l,n-2) i 



^ J.I ri ^— ^ *^i 



■ i-l,u 



ij i,u 

ei,u-i 



(0,n-l) 



"(i>l,n-l) 



(0,0) 

where both vertical outer edges are identified (the quiver is on a cyhnder: see |pJi]| ). Let Q denote 
this quiver, let {ej_„/(i, u) G Z/nZ x Z/nZ} be the set of vertices of Q, and let {ai^u ] bi,u/ {h u) G 
Z/nZ X Z/nZ} be the set of edges of Q, as in the figure above. 

The mesh relations on this quiver are: ai^i-2bi,i-i = for all i G Z/nZ (the composition of two 
edges of any 'triangle' under the top diagonal is zero), and ai^iu-ih^u + bi~i,uO-i,u = for all i and u 
in Z/nZ (the squares are anticommutative). 

The algebra Ia„ is the quotient of the path algebra kQ by the ideal generated by these relations. 

Remark 3.2 The algebra Ia^^ is not a Hopf algebra, since its quiver is not a Cayley graph (see jG'A|/ 
theorem 2.3; in relation to this, see also / |(7i^/ , in which the authors study the case without relations). 
Another argument can be given: if Ia„ were a Hopf algebra, it would be selfinjective as an algebra 
(cf \M2^] ), therefore of homological dimension or oo; however, the homological dimension of an 
Auslander algebra is at most 2 in general (see ^ARt^ ), and in this case it is not zero, since A„ itself 
is not semisimple ( /[ARS^J proposition 5.2 p211). 

3.2 Projective resolutions of simple Ia„— modules 

Let Pi^u denote the indecomposable projective Ia„— module at the vertex Ci^u^ and let Si^u = top{Pi^u) 
be the corresponding simple module. These modules are described on the quiver by: 





where each vertex in the shaded part is represented by k, and each edge in the shaded part is 
represented by id. Everywhere else, the vertices and edges are represented by (see also | GK | section 

2). 

We can compute the minimal projective resolutions of the simple Ia„— modules; the results are 
as follows: 



Proposition 3.3 The projective resolutions of the simple modules which are obtained by successive 
projective covers are: 





- 


Pi-l,r 


— 


-^ Pi-l,i-2 — 


P^,^-2 





-^ Pi-l,i-j-l 


-< j-l,i-j © -* i,i-j-l 



p 

Pi,i-1 
p. . . 



^i,i 
^i,i-l 
^i,i-j 









for 2 < j < n — 1. 



Proof: We consider only the Sn-i,u, because the other cases may be obtained by translating the 
quiver along the cylinder on which it lies. We then determine the radical of Pn-i,u, and the latter's 
projective cover, through their representations on the quiver. Iterating this process until the radical 
obtained is projective yields the result. 

In particular, this enables us to compute the Ext^^ {S ^T), where S and T are two simple modules: 

Proposition 3.4 Let S be a simple T/i^^^— module. Then: 



Ext-^^ [oi^i ; S) 







k if b — bi^u; 

if S ^ Si^u, 

W b ^ bi-l^i-j-l, 



^ ^ ' for 1 < j < n — 1 

if S ^ Si-i^i-j-i, 

Ext^S.^^-S) = 0forp>3. 

Proof: The Ext^ are known, owing to Schur's lemma. The other Exf are obtained from the 
resolutions of proposition P75| , applying the functor Homr^^{—; S). 



3.3 Hochschild and cyclic homologies of Ia^ 

We are going to use the previous results to compute a minimal projective resolution of Ia„ as a 
Ia„— bimodule, due to Happel (he does it in the general situation in 0] 1.5.): 

Theorem 3.5 ([0) // 

. . . — s> -Rp — > -Rp-i — > . . . ^ -Ri ^ i?o ^ Ta^ ^ 
is a minimal projective resolution ofT\^ as a T\^ — himodule, then 



^P ~ VJy {'-An^j.V ® ^i,u'-An) 



An 



(i.u) 



Specifically: 

^0 = rA„ei,„ (g) Ci^u^A^ 
(i,u) 

-^1 = [(XA„ei-i,u ® ei,„rA„) © (rA„ei,„_i (g) Ci^u^Aj] 
(i,u) 

-R2 = rA„ei_l,„„l (g) Ci^u^Ar, 

i?p = 0z/p>3. 

Applying the functor Ia„ ®iA„-rA„ ~) we obtain a complex: 

... — > ... — > — >kQQ — ^ 0. 

This yields: 

Proposition 3.6 The Hochschild homology ci/Ia„ is: 

'hHo{TaJ = kQo = k^' 
HH.iTAj = Vp G N% 

and hence the cyclic homology of Ia„ is: 

'HC,,{TAj = kQo^k-' 
HH,,+,{TaJ = 



Remark 3.7 There doesn't seem to be any connection between these results and those for A„ (see 
the example on page |^ and corollary 1^7^ . 



4 Chern characters of A^ and Ia^ 

Let i^o(A„) (resp. i^o(lA„)) be the Grothendieck group of projective A„— modules (resp. Ia^— modules). 
We are interested in the Chern characters c/io,p '■ -^o(A„) — > ifC2p(A„) (resp. i^o(lA„) -^ -f^C*2p(lA„))- 
We shall write [Pj] (resp. [-Pi,«]) for the isomorphism class of the projective module at the vertex Cj 
(resp. Ci^u)- 

Set aP = {yp,zp,... ,yi,zi,yo) e N^^+i with yp = {-lf{2py./p\ and Zp = {-lf-\2py./2{p\). 
There is a system of generators of HC2p{An) (resp. ifC2p(lA„)) given by the following set: 

{af := crP(e„ . . . , e,) G {TotCC{A^)hp / t = 0, . . . ,n - 1} 

(resp. by {al^ := aP(ei,„, . . . , d^u) e {TotCC{TAj)2p / i, m G {0, 1, . . . , n - 1}}). 
Consider the elements 



£j • ■'*-n ^ ■'*-?i 



Acj 



in A^i(A„) and 

£i,M • J-A 



^6i,M 



in A^i(Ia„); their ranges are the corresponding projective modules. Then by definition of the Chern 
characters (see [0] 8.3.4), we have: 

cho,pi[Pj]) = c/io,p([ej]) := tr(c(ej)) = cr| in HC2p{K) 
cho^p{[PiA) = c/io,p([ei,«]) = a^„. 

using the isomorphisms 7Wm(A) = Jvimij^) ® A. Here, 

c(e,) = {ypefP"-', Zpef\ . . . , z^ef , y,e,) E MiTj^J^'^^' © ... © A<(rAj. 

Remark 4.1 There is a decomposition formula for the tensor product of indecomposable modules on 
An (see ^Um , /0// From this formula, we get inductively: 

r 

cho,p{[Li] ® . . . ® [Lr]) = {l/n') n (dimLi) (a^, . . . , a^i), for r > 2, 

where the Lj are arbitrary projective An— modules. Unfortunately, this product in the cyclic homology 
doesn't seem natural. 

Remark 4.2 Let Ko{An) be the Grothendieck group of all An~ modules (not just the projective ones). 
Then Ko{An) = Kq{T\^). Hence, if Ni^^ is the indecomposable An— module which starts at the vertex 
i and ends at the vertex u, it corresponds to the projective Tiy^ — module Pi^ui <md we get a map: 

Ko{An) -^ HC2p{TaJ 



N- 



vP 



Remark 4.3 Although Ia„ is not a Hopf algebra, its Grothendieck group Kq^T/^^J does have a ring 
structure, albeit not natural: for every [P] in Ko{T\^), there exists a [B] in i^o(A„) such that [P] = 
[Hom\^{M, B)], where M is the sum of all isomorphism classes of indecomposable An— modules. If 
[Q] = [HomA„{M,C)] is another element in Kq(T/^^), we can set 

[P].[Q] = [Hom^„{M,B^kC)] 

(the vector space B^^C is a A^— module since A„ is a Hopf algebra). In fact, using the decomposition 
in \C2^ and /0/, the product can be written: 

\p. ^\p. ^ ) S^^o [Pi+j+hu+v-i] ifu + v-{i + j)<n-l 

E'i=o[Pi+j+l,u+v+l-l] + EmIe+l[Pi+j+m,u+v-m] if € := U + V - {i + j) - {u - 1) > 0. 
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